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Abstract. Cosmological backreaction has been suggested as an explanation of
dark energy and is heavily disputed since. We combine cosmological perturbation
theory with Buchert’s non-perturbative framework, calculate the relevant averaged
observables up to second order in the comoving synchronous gauge, and discuss their
gauge dependence. With the help of an integrability condition the leading second order
contributions follow from the first order calculation.
We focus on the onset of cosmological backreaction, as a perturbative treatment is
necessarily restricted to the era when the effect is still small. We map the backreaction
effect on an effective fluid in the framework of the Friedmann-Lemaˆıtre-Robertson-
Walker model. Its effective equation of state weff turns out to be not only time
dependent, but also a function of surface terms on the boundary of the averaged
domain. For any finite domain these surface terms are nonzero in general and thus
backreaction is for real.
Keywords: dark energy, averaging problem and cosmological perturbation theory
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1. Introduction
The accelerated expansion of the Universe has now been confirmed by various
observations [1–3]. To understand this mysterious phenomenon, different explanations
have been suggested, e.g. dark energy in the form of a quintessence field or a modification
of gravity on large scales. Among the many proposals, a cosmological constant (or
vacuum energy) in the context of the inflationary Λ cold dark matter (ΛCDM) model
seems to be the most attractive one, as it is simple and provides a good fit to all
cosmological data currently available.
However, the observational evidence is based on the assumption of a spatially
homogeneous and isotropic universe [the Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) model] plus some small perturbations. But, spatial homogeneity and isotropy
are rather rough approximations for the Universe, only valid on scales larger than 70
– 100 h−1 Mpc [4–6]. Thus, before assuming dark energy to be a component of the
Universe, it is worth to investigate the effects of local inhomogeneities and anisotropies.
Due to the nonlinearity of the Einstein equations, cosmological perturbations can affect
the evolution of the “background” Universe via the so-called backreaction mechanism
[7–18].
The influence of cosmological perturbations on the expansion of the Universe shows
up in many aspects, e.g. for an underdense patch of the Universe the local expansion
rate is larger than its average. In the inhomogeneous and anisotropic Universe the
metric deviates from the Robertson-Walker background metric. The modifications to
this background can be moved to the right-hand-side of the Einstein equations, and may
be regarded as an extra constituent of the energy-momentum tensor. We never measure
the value of a physical observable at one point in space-time, but only some average of
the observable in a domain around an event. Consequently, a comparison of the theory
with observation needs to utilise averaged quantities. Thus the extra contribution to
the energy-momentum tensor from the inhomogeneities and anisotropies of the observed
Universe must be a quantity averaged over a finite domain in space-time. The task is to
find the evolution equations for the averaged observables and thus the effective equation
of state of the Universe.
If this effective equation of state weff ≡ peff/ρeff < −1/3, where ρeff and peff are the
effective energy density and pressure, the expansion of the averaged Universe accelerates.
So, if the backreaction (i.e. averaging) would give rise to negative effective pressure, we
might be able to explain the observed acceleration of the Hubble expansion.
At the same time such a mechanism might be able to resolve the coincidence
problem: why does the onset of acceleration happen around the present time? The
answer of cosmological backreaction could be that originally tiny perturbations grow
with time, and lead to the formation of (weakly) nonlinear structures at the scales
that we use to fix the cosmological parameters. Thus, any observation that is based
on physics in the (weakly or strongly) nonlinear regime might be influenced by the
backreaction effect, especially the determination of H0 (based on local measurements),
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the Hubble diagrams from supernovae Ia (need data at low redshift and thus local
information), the integrated Sachs-Wolfe effect, which can easily be mistaken for the
nonlinear Rees-Sciama effect, and others.
The discussion above does not imply that we have solved the puzzle of dark energy
by the backreaction mechanism. It could well be that the backreaction effect is tiny and
the nature of dark energy is indeed a constant vacuum energy density. Nevertheless, the
backreaction effect is of interest, because with increasing experimental precision, e.g.
for the cosmic microwave background (CMB) effects of order 10−7 are measured [19],
and we must take the backreaction effect into account seriously.
Recent research on the backreaction mechanism explored two directions. One is
to study the properties of the averaged physical quantities in the perturbed Universe.
In Buchert’s work [8–10] (see [18] for a recent review), the averaged Einstein equations
were derived in the synchronous coordinates with two fluctuation terms, the kinematical
backreaction term 〈Q〉D and the averaged spatial curvature 〈R〉D. The behaviour of the
perturbed Universe thus depends on the properties of these averaged terms.
The second direction is to use cosmological perturbation theory [20] to study the
evolution of the perturbed Universe, such as [15, 16, 21–28] and references therein. All
these works discussed the possibility to explain the accelerated expansion of the Universe
as the result of structure formation, without introducing dark energy into the Einstein
equations. For example, in [15], the Hubble expansion rate was calculated to second
order in a dust (i.e. matter-dominated) Universe.
In this work, we synthesize these two lines of research and calculate the averaged
physical quantities in the cosmological perturbation theory to second order, but without
the need to use the second order perturbations in the metric. Our paper is organised
as follows. In Section 2, we introduce the concepts of rotation, shear and expansion
of the Universe, and use the ADM decomposition to rewrite the Einstein equations in
terms of these quantities. Following the averaging procedure of Buchert, we arrive at the
averaged Einstein equations (Buchert equations [8]) for an irrotational dust universe and
an integrability condition in Section 3. The integrability condition provides a consistency
relation for the two backreaction terms 〈Q〉D and 〈R〉D. With Section 4 we turn to
cosmological perturbation theory, and solve for the first order metric perturbations
Ψ and χ in the comoving synchronous gauge. In Sections 5 and 6, we calculate the
backreaction terms 〈Q〉D and 〈R〉D, the averaged expansion rate 〈θ〉D, the averaged
energy density 〈ρ〉D, the effective equation of state weff and the square of the effective
speed of sound c2eff to the first and second orders, respectively. Finally, we demonstrate
in Section 7 that the backreaction terms, as well as weff and c
2
eff are gauge independent.
Conclusions and discussions are provided in Section 8.
In the following, the Greek indices run from 0 to 3 and the Latin indices from 1 to
3, and we use units with c = 1.
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2. Kinematics and dynamics of the expanding Universe
The standard FLRW model is based on the assumption of spatial homogeneity
and isotropy of the Universe. However, these assumptions are not valid (not even
approximately) at the scales on which structure formation happens, i.e. at scales small
with respect to the Hubble radius and sufficiently long after the matter-radiation
equality. So, necessarily one must consider not only the expansion, but also the rotation
and shear of the Universe in order to understand its kinematics thoroughly.
2.1. Rotation, shear and expansion
In the inhomogeneous and anisotropic Universe, the metric may be expressed in
synchronous coordinates
ds2 = −dt2 + gij(t,x)dx
idxj ,
where t is the cosmic time, and x denotes the spatial coordinates. The corresponding














gil(gjl,k + glk,j − gjk,l).
To describe the kinematics of the Universe, we need to calculate the gradient field
of the 4-velocity uµ ≡ dxµ/dτ of comoving observers, where τ is their proper time. We





Then the spatial components of the gradient field of the 4-velocity define the expansion
tensor


























, θ ≡ uλ;λ,
are the rotation tensor, shear tensor and expansion scalar, respectively.
In the following, we restrict our attention to an irrotational universe, i.e. ωµν = 0.
Neglecting rotations seems to be a reasonable assumption in the context of inflationary
cosmology, as there exist no seeds for vector perturbations and the conservation of
angular momentum also implies that only nonlinear effects could lead to a generation
of rotation.
In the comoving synchronous coordinate system (the observer is at rest with respect
to the cosmic medium), uµ = (1, 0). Thus, hij = δ
i
j and the nontrivial components of
the shear tensor are



































From (3), we have θ = J˙/J , where
.
is the derivative with respect to the cosmic time,
J ≡
√
detgij and detgij denotes the determinant of the metric. Thus,
J˙ = θJ. (4)
2.2. ADM decomposition
Having obtained all the quantities to describe the kinematics of the expanding Universe,
we turn to its dynamics. For a dust Universe (in comoving synchronous coordinates),
the only nontrivial component of the energy-momentum tensor is T 00 = −ρ, the energy
density of dust.
According to Arnowitt, Deser and Misner [29], the Einstein equations Gµν =
8piGTµν can be decomposed into:
the energy constraint
R + θ2 − θijθ
j
i = 16piGρ, (5)
the momentum constraint
θji;j = θ,i, (6)



















jm) and the spatial Ricci
scalar R ≡ Rii. Combining the trace of (7) with (5) and (2) leads to the Raychaudhuri




θ2 − 2σ2 − 4piGρ. (8)
So far, we have not made any approximations apart from neglecting rotation and
restricting the matter to dust. These equations are satisfied at any point in space-
time. However, our observations do not allow us to measure all the data that would
be necessary to put a well posed Cauchy problem, but realistic observations deliver
averaged quantities. In the next section we discuss the averaged properties of these
equations, and in Sections 5 and 6 we use cosmological perturbation theory to evaluate
the averaged observables to the first and second orders, respectively.
3. Dynamics of finite domains
In the last section, we have set up the dynamical equations of a general irrotational
dust universe, but they are of limited interest as realistic observations provide us with
averaged quantities rather than their local values. We follow the averaging procedure




The spatial average of an observable O(t,x) in a comoving domain D at a fixed time t









D J(t,x)dx is the volume of the domain. The boundary of the domain
is assumed to be comoving. Following this spatial averaging procedure, we calculate the
averaged expansion rate 〈θ〉D as an example.









where aD0 and VD0 are the values of aD and VD at the present time. With the help of


























The expansion rate 〈θ〉D and the Hubble expansion rate HD naturally reduce to 3H and
H ≡ a˙/a in the homogeneous and isotropic case.
An important consequence of the definition (9) is that the spatial average and
the time derivative do not commute with each other. It is straightforward to prove a
corresponding Lemma (commutation rule) [8]
〈O〉
.
D − 〈O˙〉D = 〈Oθ〉D − 〈O〉D〈θ〉D. (13)
This Lemma is used to calculate the second order term of the averaged expansion rate
〈θ〉D in Section 6.
3.2. Buchert equations
With the definition of the spatial average (9) and the Lemma (13), we yield Buchert


















(ρeff + 3peff), (15)
where ρeff and peff are the effective energy density and effective pressure of an isotropic
fluid, which read






































which consists of the variance of the averaged expansion rate and the averaged shear
scalar.
Equations (14) and (15) express a highly nontrivial result! They closely resemble the
Friedmann equations, but have been obtained without the assumption of homogeneity
and isotropy. What has been shown is that any irrotational dust Universe, averaged
over comoving (spatial) domains appears to the observers to be a FLRW-like Universe.
The “curvature” term kD/a
2
D has been introduced to show that actually any FLRW
geometry might be picked. Two geometries differ by their expressions for the effective
fluid (16) and (17). Without loss of generality we can thus take kD = 0 in the following
calculations.
This formulation of backreaction provides the link to arguments in favor of
cosmological backreaction that have been put forward by one of the authors in [12].
It is argued that on the largest scales (where the cosmic principle applies) we can
view the Universe as being described by a FLRW model filled with a single isotropic,
but imperfect fluid, i.e. we can then understand structure formation as an dissipative
process that creates entropy and it has been shown in [12] that the second law of
thermodynamics implies for an expanding dust Universe that peff < 0.
From the Buchert equations, we see that the evolution of the inhomogeneous and
anisotropic Universe depends not only on the energy density, but also the averaged
spatial curvature 〈R〉D and the backreaction term 〈Q〉D. So it is quite important to
know the values of 〈R〉D and 〈Q〉D. For instance, we find from (15) that if ρeff+3peff < 0,
i.e. 〈Q〉D > 4piG〈ρ〉D, the averaged expansion accelerates. In other words, the averaged
Universe can expand in an accelerating way in the dust era, even if the local expansion
is decelerating everywhere in the Universe. Accelerated expansion of the averaged
expansion rate does not violate the strong energy condition!
We calculate 〈R〉D and 〈Q〉D in cosmological perturbation theory to both the first
and second orders in the next two sections. Furthermore, we can define the effective


















We also calculate weff and c
2
eff with cosmological perturbation theory in Section 6.
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3.3. Integrability condition
The Buchert equations contain two averaged quantities, 〈R〉D and 〈Q〉D, which influence
the evolution of the inhomogeneous and anisotropic Universe. However, these two terms
are not independent, but can be linked by an integrability condition.
In the irrotational dust universe, pressure is negligible, so the energy-momentum
tensor is given by T µν = ρu
µuν . From the covariant conservation of its time-like part we
find the continuity equation
ρ˙ = −θρ. (21)
The space-like conservation is the Euler equation, which is trivial for an irrotational
dust Universe, if expressed in the comoving synchronous coordinate system. Taking the
average of (21) and applying the Lemma (13) we have
〈ρ〉
.
D = −〈θ〉D〈ρ〉D = −3HD〈ρ〉D. (22)









The integrability condition is an essential equation for the following calculations. Its
advantage is that it can be used to any order in perturbative calculations, as it is an
exact result. This is shown in Section 6, where we make use of the integrability condition
to derive the second order terms of 〈R〉D, 〈θ〉D and 〈ρ〉D without using the second order
perturbations of the metric. If we had not made the choice kD = 0, we would need to
replace 〈R〉D in (23) by 〈R〉D − 6kD/a
2
D, which would not change the solution of the
integrability condition, as can be seen easily.
So far, all our results are exact for an irrotational dust universe. In order to get
quantitative information on the observed Universe, we turn to cosmological perturbation
theory. We use the comoving synchronous gauge below.
4. Linearised Einstein equations in comoving synchronous gauge
In this section, we first introduce the metric perturbations Ψ and χ and find the
linearised Einstein equations. Solving these equations, we find the time dependence
of Ψ and χ. With the help of these solutions, we calculate 〈Q〉D, 〈R〉D, 〈θ〉D and 〈ρ〉D
to both the first and second orders in the next two sections.
4.1. Einstein equations in the perturbed Universe
We start now from a spatially flat FLRW dust model with scale factor a(t). In the
synchronous gauge we write the linearly (first order) perturbed metric as [15]
ds2 = −dt2 + a2(t)[(1− 2Ψ)δij +Dijχ]dx
idxj , (24)




and ∆ denotes the Laplace operator of a three-dimensional Euclidean space. The scale
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factor a in (24) is not the same as the effective scale factor aD defined in (10), and the
relation between them is shown in Section 6.
From the line element (24), we straightforwardly obtain the non-trivial Christoffel
symbols,
Γ0ij = aa˙δij − 2aa˙Ψδij − a





























and the components of the Einstein tensor






































































The linearised energy-momentum tensor of dust becomes
T 00 = −ρ = −ρ
(0) − ρ(1), (26)
where ρ(0) and ρ(1) are the energy density of the background and at first order,
respectively.
We are now ready to obtain the linearised equations of motion in the ADM
decomposition. The different components are














































































ρ(0) = 0, (33)




ρ(1) − 3Ψ˙ρ(0) = 0. (34)





which is the famous hypersurface-invariant variable that is commonly used to
characterise the primordial power spectrum [31]. It follows with the help of (34) that
ζ˙ = 0.
4.2. Solutions for a, Ψ and χ






0 and a0 are the values of









We can see that a grows as t2/3, which is the result of the spatially flat FLRW dust
cosmology. But this does not mean that the perturbed Universe expands in the same
way as the unperturbed one, because in the perturbed Universe, the meaningful scale
factor is the effective scale factor aD defined in (66), which, however, is not equivalent
to a, and their relation is obtained in Section 6. So we cannot know the behaviour of
the expansion of the perturbed Universe in terms of the scale factor a.
Solution for Ψ. We first eliminate ρ(1) from the equations of motion with the help of








(Ψ + ζ(x)) . (37)











(Ψ + ζ(x)) , (38)











So we find the solution for Ψ
Ψ(x, t) = A(x)t2/3 +B(x)t−1 − ζ(x), (39)
where A(x) and B(x) are constants of integration, i.e. functions of the spatial
coordinates only. We can see from (39) that Ψ consists of one growing mode A(x)t2/3,
Cosmological backreaction 10
one decaying mode B(x)t−1, and one constant mode −ζ(x), in which the free spatial
functions must be fixed by the initial conditions.
However, in the next sections, we see that only the time derivatives Ψ˙ and Ψ¨ show
up in the observables that are of interest to us, so it is not necessary for us to know
ζ(x). Also, we are only concerned with the evolutions of perturbations at late times, so
we can neglect the decaying mode B(x)t−1. Hence, only the growing mode A(x)t2/3 is




























































δij = 0. (42)
















where Cij(x) and E
i
j(x) are functions of spatial coordinates only. In the following






From (43), we obtain the solution for χ
χ(x, t) = C(x)t2/3 + g(x), (44)
where C(x) and g(x) are also the functions of spatial coordinates only. The function
























We see from (39) and (44) that both Ψ and χ grow as t2/3 at late times. Because
a ∝ t2/3, both Ψ and χ grow linearly as the scale factor a in the perturbed dust Universe.
So if cosmological perturbation theory is valid, i.e. the perturbative terms Ψ and χ are
small, the scale factor should not be too large either. In other words, a perturbative
analysis (at any order) is restricted to the regime of the “linear” perturbations.
Relation between A(x) and C(x). We have obtained the solutions of Ψ and χ, but













∆C = K, (46)
where K is a constant. In the spatially flat universe K = 0, which is shown in the next





Relation between C(x) and the peculiar gravitational potential ϕ(x). The peculiar
gravitational potential ϕ(x) is defined from the Poisson equation as [15]
∆ϕ(x) ≡ 4piGρ(1)a2. (48)
From (38), using (40) and (47), we have
∆C(x) = −12piGρ(1)t4/3. (49)









We see that the peculiar gravitational potential ϕ(x) is just a linear function of the
metric perturbation χ.
Therefore, we know the solutions for a, Ψ and χ, which we use in the next two
sections to calculate the first and second order contributions to the averaged physical
quantities, and we focus on the investigation of the time dependence of the averaged
observables.
5. First order perturbations
In this section, we calculate 〈θ〉D, 〈R〉D and 〈ρ〉D in the perturbed Universe, and these
results are the first step to the derivation of the second order contributions. We do
not calculate 〈Q〉D, because it is a pure second order term, which is proven in the next
section.
Cosmological backreaction 12
For the first order calculations of averaged quantities, the integration measure J
must be expanded to the first order as well,












as at late times, the decaying and constant modes are negligible. In the following, let
us write 〈O〉JD to denote the average of the observable O with the integration measure






which is now defined to be the average on the background (i.e. J = a3). Watch out
that the average is still over a comoving domain, which might have a distorted geometry,
even on the background. Thus, for the first order calculations, the averages of the zeroth













Therefore, the perturbation in J does not affect the first order calculations.
5.1. Averaged expansion rate 〈θ〉D















in which we have used the property Dii = 0. Using (36) and (40), we can obtain the














The first order deviation −2〈Ψ〉D/t must be compared to the unperturbed expansion
rate in the dust Universe, 2/t. The first order perturbation decays as t−1/3, which
is slower than that of the zeroth order term, 2/t. This means that the perturbations
become more and more important as the Universe evolves. However, this does not mean
that this perturbation dominates at late times, because in the perturbative approach,
we must restrict our analysis to |〈Ψ〉D| ≪ 1.
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5.2. Averaged spatial curvature 〈R〉D
From (5) and the trace of (7), we have
R = 16piGρ− θ2 + θijθ
j
i ,
R = 12piGρ− θ˙ − θ2, (55)
and thus
R = −θ2 − 4θ˙ − 3θijθ
j
i . (56)








Closer inspection of (57) shows that
(i) 〈R〉D has only an first order term 40〈Ψ〉D/3t
2, while the zeroth order term vanishes,
as the background metric is spatially flat.
(ii) 〈R〉D decays as t
−4/3, and from (36), a ∝ t2/3, so 〈R〉D ∝ 1/a
2 as the Universe
expands, which is already shown, see e.g. [17].











So we can see that the constant K in (46) contributes to the averaged spatial
curvature a term 40K/3t4/3 ∝ 1/a2. We know in the unperturbed k 6= 0 universe,
R = 6k/a2, so 40K/3t4/3 is just the background spatial curvature term, and as we
discuss the perturbations in the spatially flat Universe, this term vanish naturally.
This is the reason for A = −∆C/6 in (47).
5.3. Averaged energy density 〈ρ〉D


















Thus, we find for a domain overdense in average that 〈A〉D and 〈Ψ〉D are positive. At
the same time, from (54) the averaged expansion rate is reduced. This is consistent
with the intuitional understanding of the gravitational collapse, which decreases the
expansion rate of the Universe.
We find at first order perturbative calculations that only Ψ enters into the
expressions of 〈θ〉D, 〈R〉D and 〈ρ〉D, and the metric perturbation χ does not show up.




i χ˙, so χ is related to the shear of the
perturbed Universe. This means that only the expansion influences the evolution of
the averaged spatial curvature term and the averaged energy density in the perturbed
Universe at first order.
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Let us finally note that the first order contributions to 〈θ〉D, 〈R〉D and 〈ρ〉D are all









More surface terms show up below, when we turn to the second order perturbations.
6. Second order perturbations
We move on to the second order perturbations of physical quantities. Second order
cosmological perturbation theory has been discussed widely in the literature, such
as [15, 32–34]. However, in these papers, the metric perturbations of second order are
always needed for calculations, and these calculations are always rather complicated
and tedious. In this paper, we show how to obtain the leading terms of second order
contributions to 〈Q〉D, 〈R〉D, 〈θ〉D and 〈ρ〉D from the first order metric perturbations
only.
We first prove that the kinematical backreaction term 〈Q〉D is a second order term,
and then use the integrability condition, which is the crucial new input, to find the
second order terms of 〈R〉D, 〈θ〉D and 〈ρ〉D. In these calculations, the shear σ
2 and
thus χ˙ shows up in the expressions, which is different from the first order results. The
effective equation of state weff and the square of the effective speed of sound c
2
eff are also
given at second order.
As for the first order contributions, at second order we have to consider the










We can see that at second order, the average of a first order quantity 〈O(1)〉JD picks up
two second order modifications −3〈O(1)Ψ〉D + 3〈O
(1)〉D〈Ψ〉D. In the following, we show
that these modifications only show up in the second order calculation of 〈θ〉D.
6.1. Averaged kinematical backreaction term 〈Q〉D










Firstly, we prove that 〈Q〉D is a pure second order term. We show that the first part
〈θ2〉D − 〈θ〉
2
D and the second part σ
2 are both of second order.
To calculate the variance of the expansion 〈θ2〉D − 〈θ〉
2
D to second order, we may
write
θ = θ(0) + θ(1) + θ(2), (60)
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where θ(0), θ(1) and θ(2) are the zeroth, first and second order contributions to θ,





(0) + θ(1) + θ(2))2〉D − (〈θ
(0) + θ(1) + θ(2)〉D)
2
= 〈(θ(1))2〉D − 〈θ
(1)〉2D. (61)
This means that the first part of 〈Q〉D is a second order term, however, we do not need
to know the detailed form of θ(2), which is calculated below. All we need is θ up to first
order [see (53)].
Similarly, we calculate the average of the shear scalar 〈σ2〉D, the second part of


































This means that the second part of 〈Q〉D is also of second order, and can be calculated
by using the expansion of χ at only first order.
So far, we have proved that both two parts of 〈Q〉D are of second order, and
consequently 〈Q〉D is a pure second order term, but nevertheless can be calculated from
























































F has only terms of second order and is a function of spatial coordinates only. Here we
have used (47) to express the final result in terms of the variable C only.
Some remarks on this result for 〈Q〉D are in order. From (64) we find that
(i) 〈Q〉D, written in the form abbreviated F , contains two second order terms, which
are total derivatives and become surface terms when averaging. Meanwhile, the
third term 〈∆C〉2D is the square of a first order surface term, and thus its second
order modifications in (59) do not show up in F . All these suggest that the
kinematical backreaction is a function of the derivatives of C on the boundary
of the averaged domain only.
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(ii) If the averaged domain is large enough, 〈∆C〉D → 0, the third term in (64) becomes
arbitrarily small, and 〈Q〉D consists of two total derivative terms only. If these
two surface terms cancel, we can say that there is no kinematical backreaction
at second order. In the Newtonian limit, this cancellation has been discussed
in [35] for periodic boundary conditions, and in [36, 37] for spherically symmetric
spaces. In relativistic cosmological perturbation theory, this problem has been
treated in [14, 38]. A review of this cancellation problem can be found in [17].
(iii) We can see from (64) that 〈Q〉D decreases as t
−2/3, which means that 〈Q〉D ∝ 1/a.
And we already know that 〈ρ(0)〉D ∝ 1/a
3 and 〈R〉D ∝ 1/a
2. So the kinematical
backreaction term 〈Q〉D decays slower than 〈ρ〉D and 〈R〉D. Therefore, in the course
of the expansion of the Universe the kinematical backreaction becomes more and
more important in the effective energy density ρeff and effective pressure peff . Of
course, we should pay attention that 〈Q〉D is a pure second order term, but 〈R〉D
has the first order term, and 〈ρ〉D even has the zeroth order term, so we cannot
say 〈Q〉D dominates the late time evolution of the Universe. The effect of the
kinematical backreaction on the expansion of the perturbed Universe depends on
not only its decreasing rate with time t (or scale factor a), but also the value of the
surface terms in its numerator, and this effect vanishes if the surface terms cancel
with each other as discussed in [14, 17, 35–38].
6.2. Averaged spatial curvature 〈R〉D
In the last section, we have calculated the averaged spatial curvature 〈R〉D to first order
in (57), and in this subsection, we use the integrability condition (23) to get its second
order part. But to do so, we first need to find the relation between the effective scale
factor aD, which is defined as the cubic root of the volume of integral in the averaging
procedure in (10), and the scale factor a, which is defined to describe the expansion of
the Universe in the perturbative metric (24), and then express aD as the function of the
perturbation Ψ. Since the integrability condition is an exact relation to any order, and







= 0, it is straightforward to obtain 〈R〉D to second order.
However, in the following, we show that we do not need to calculate aD to second order,
but only first order is sufficient for our purpose.











D = 0. (65)
Because 〈Q〉D is already a second order term, in the first term, we only need the zeroth
order term of a˙D/aD. In the third term, since 〈R〉D has no zeroth order term, we need
the zeroth and first order terms of a˙D/aD.

















Since we only need the zeroth and first order terms of a˙D/aD, the second order



















exp (− (〈Ψ〉D − 〈Ψ〉D0)) . (67)
As in perturbation theory |〈A〉D|t
2/3 ≪ 1, the exponent in (67) is much smaller than 1.
If 〈A〉D is negative, 〈ρ〉D is reduced with respect to the background [see (58)] and the
Universe expands faster than the unperturbed dust model, which is consistent with the
intuition that the underdense regions expand faster than the overdense ones.
















































where D is the constant of integration, which is a function of spatial coordinates. For















0 − 5F ). (69)
There is only one undetermined constant of integration D in the above expression. From
(57), we know that 〈R〉D has no zeroth order term, so D has only the first and second
order terms, otherwise, the terms in the first bracket would give rise to a zeroth order
contribution. We may write D = D(1) + D(2), where D(1) and D(2) are the first and
second order terms of D, respectively. Because 〈A〉D is a first order term and F is a



















0 − 5F ), (70)
where the first term D(1)t
4/3
0 /t
4/3 represents the first order term of 〈R〉D. It is matched
















































0 . Neither D
(2) nor G(2) can
be fixed by matching to some known coefficients. However, the term G(2)/t4/3 is
unimportant at any time. Early on, −20
9
〈∆C〉D is a first order term, while G
(2) is a
second order one, so it is negligible compared to the first term in (72). Similarly, at late







because both numerators are of second order, but the exponent of the dominator in
G(2)/t4/3 is the larger one. Thus − 20
9t4/3
〈∆C〉D is the first order term of 〈R〉D, which is
























In this subsection, we have extended the calculation of the averaged spatial
curvature 〈R〉D to second order by using the integrability condition. Its advantage is
that we can do the second order calculation, without knowing the metric perturbations
of second order. This is because the integrability condition is an exact result to any
order, and we have got 〈Q〉D to second order with only the first order perturbation
theory.
6.3. Averaged expansion rate 〈θ〉D
The second order perturbation of the expansion rate has been discussed in the literature,
for instance, [15]. In this work, the expansion rate θ is defined in the same way as in [15],
namely θ ≡ uλ;λ. However, the Hubble expansion rate in [15] is defined as
√
8piG〈ρ〉/3,








In this subsection, the second order perturbation of the expansion rate is calculated,
and again, we do not need the metric perturbations of second order, which are needed
in [15].
From (56), we have
〈R〉D = −〈θ




i 〉D = −2〈θ
2〉D − 4〈θ˙〉D − 6〈σ
2〉D. (74)
〈R〉D has already been calculated to second order in (73), 〈σ
2〉D is a pure second order
term, and we also know the zeroth and first order terms of 〈θ〉D from (54). So (74)
allows us to obtain the second order perturbation of 〈θ〉D.
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Using (53), we can expand θ as
θ = θ(0) + θ(1) + θ(2) = 3
a˙
a













































We can see from (77) that R has both the first and second order terms, so at second
order, the first order term 40A
3t4/3
gives two additional second order modifications when






































Above, the Lemma (13) allows us to write 〈θ˙(2)〉D = 〈θ
(2)〉
.
D at second order. Matching















Solving this differential equation provides us with the second order contribution to the













where I is the constant of integration, and at late times the term I/t2 is negligible



































6.4. Averaged energy density 〈ρ〉D



















































Up to this point, we have obtained all the averaged quantities 〈Q〉D, 〈R〉D, 〈θ〉D
and 〈ρ〉D to second order, and we only have to use the first order perturbation terms
Ψ and χ (without the necessity of knowing the metric perturbations of second order).
These simplifications are based on the integrability condition and the fact that 〈Q〉D is a
pure second order term. Unfortunately, we cannot extend this method to higher orders.
For example, if we want to go to third order, to calculate σ2, we would need θij = Γ
i
0j
to second order, and thus we must know the metric perturbations of second order. An














can use the results to second order to calculate 〈Q〉D to third order, without knowing
the metric perturbations of second and third orders. Furthermore, we can calculate
a˙D/aD to second order, and use the integrability condition to get 〈R〉D to third order,
and the same for 〈θ〉D and 〈ρ〉D.
6.5. Effective equation of state and speed of sound
Effective equation of state weff . From (19), using (64), (72) and (82), we obtain the



























Equation (83) is the perturbative expansion of the effective equation of state, which is
both time and domain dependent. We can find its time dependence at different orders,
and the domain dependence in different coefficients. From (66), it is easy to get t as
































Equation (84) is also a perturbative expansion of the effective equation of state, but
in terms of aD, which is of more interest than a. We can see that the second order
coefficients in (83) and (84) are different, this is because aD is not proportional to t
2/3,
and thus the second order coefficient picks up nontrivial contributions from the first
order.
So weff vanishes, as expected, at zeroth order. This is different from the cosmological
constant, for which weff = −1. Consequently, in a perturbative framework, the
backreaction mechanism cannot induce accelerated expansion of the Universe as that
would imply weff < −1/3. Nevertheless, the cosmological perturbations allow us to
investigate a possible change of the expansion rate of the averaged Universe that might
in a later nonlinear stage lead to the accelerated expansion of the Universe. We discuss
this on both small and large scales.
















Firstly, on small scales, 〈ρ(1)〉D may significantly deviate from 0, so the first order




2. We can see from (85) that if
〈ρ(1)〉D < 0, which means that the energy density is underdense locally, weff is negative,
and since weff ∝ t
2, this effect will be more and more influential as time goes on,
and might be able to cause the accelerated expansion of the inhomogeneous Universe
locally. Of course, with the above expression we can trace the evolution only for small
perturbations. Once they are in the nonlinear regime, our approach fails.
Secondly, 〈∆C〉D (i.e. 〈ρ
(1)〉D) becomes negligible compared to the second order



















We can see from (86) that weff consists of two surface terms, and we cannot tell its sign.
It vanishes for certain boundary conditions, see [14, 17, 35–38]. However, we think that
these boundary conditions are not natural and that the generic case for a finite domain
in the Universe is that the effective equation of state is given by a finite surface term,
that might be positive or negative, depending on the details of the fluctuations on the
boundaries.
An important lesson that we learn here is that the cosmological backreaction
introduces an effective equation of state, which is not only time dependent, but also
scale dependent.
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Square of the effective speed of sound c2eff . Similarly, for the square of the effective speed





























So if the cosmic medium is overdense locally, c2eff > 0. But we also see, that c
2
eff can be
negative in underdense regions. Usually this suggest that some damping is going on,
which is related to dissipative phenomena and the increase of entropy. These aspects
will be investigated in more detail elsewhere.


















Also the sign of the square of the effective speed of sound depends on the contrast of
the two surface terms.
7. Gauge dependence of the averaged quantities
We should finally discuss the gauge dependence of the averaged physical observables.
Firstly, we show that 〈Q〉D, 〈R〉D, weff , peff and c
2
eff are gauge invariant, i.e. these
results do not change if we choose another gauge (such as Poisson gauge). The reason
is based on a theorem by Stewart and Walker [39, 40]: a quantity is gauge invariant if
its zeroth order part vanishes on the background, or is a constant scalar field there, or
is a linear combination of products of Kronecker deltas with constant coefficients. We
have proven that 〈Q〉D is of second order, and 〈R〉D of first. So both of them vanish on
the background and thus are gauge invariant. The same holds true for weff , peff and c
2
eff ,
because they are also 0 for the background.
Secondly, from the same theorem, it is obvious that the values of ρeff , 〈θ〉D and HD
depend on the gauge choice. We thus concentrate our attention to the gauge invariant
quantities 〈Q〉D, 〈R〉D, weff , peff and c
2
eff . As it has been shown above in (64), (73), (83)
and (87), all these gauge invariant quantities can be expressed as functions of surface
terms at both first and second orders. This means that, to know the values of the gauge
invariant quantities, we do not need to know anything about the interior of the averaged
domain. Only the physical information encoded on the boundary of the domain seems
to matter. This might open up a connection to the holographic ideas recently proposed
in the context of fundamental strings.
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8. Conclusions and Discussions
In this paper, we use both the Buchert equations and cosmological perturbation theory
to study the evolution of the perturbed dust Universe in the comoving synchronous
coordinates. We investigate the possibility to explain the accelerated expansion of the
Universe without dark energy. We calculate the averaged kinematical backreaction term
〈Q〉D and the averaged spatial curvature 〈R〉D, and find that 〈Q〉D is a pure second order
term, and 〈R〉D has both the first and second order terms. As we use a perturbative
approach, these terms can only affect the evolution of the Universe perturbatively, and
thus we can only hope to find an onset of the cosmological backreaction mechanism in
this work. In some circumstances, for example, on small scales, on which the effects
of fluctuations of the energy density 〈ρ〉D are significantly nonzero, the backreaction
mechanism should not be neglected carelessly.
We conclude that cosmological backreaction is for real and that it can both increase
or decrease the expansion of the Universe, depending on the averaged domain under
consideration. Thus we argue that the effective equation of state of the Universe is time
and scale dependent and so is the square of the effective speed of sound.
We find in our perturbative approach, that all gauge independent quantities are
surface terms or squares of surface terms. This suggests the conjecture that a nonlinear
treatment would find only functions of surface terms.
Another point of our paper is that we show in Section 6 how to calculate the
averaged quantities to second order for the leading growing mode, but use only the first
order perturbative metric. This is a consequence of the integrability condition, which
is valid to any order. And this greatly simplifies the perturbative calculations, which
are usually done with help of the metric perturbations of second order in the previous
papers.
Finally, we give some discussions of the observational aspects of the perturbative
calculations in our paper. The problem is how to measure the perturbations, such as Ψ
or A.




















Here we only calculate σ2D to second order, so the terms containing ρ
(2) are negligible.
(Usually this amplitude is defined at the distance of 8 h−1 Mpc, but we can also define







where we assume that the constant mode −ζ is negligible compared to Ψ. So by
measuring σ2D, we can know the value of 〈Ψ
2〉D, or 〈(∆C)
2〉D.
Secondly, on large scales 〈∆C〉D → 0, a measurement of the averaged energy density




allows us to find 〈∂i∂jC∂
j∂iC〉D. Because σ
2
D and 〈ρ〉D are both physical observables (at
least in principle), from their measurements we can know the values of 〈(∆C)2〉D and
〈∂i∂jC∂
j∂iC〉D. And since all the averaged physical quantities 〈Q〉D, 〈R〉D, 〈θ〉D, HD,
weff and c
2
eff are the functions of these two terms on large scales, we can thus obtain the
quantitative information on all these averaged terms. This will help us to understand
the evolution of the inhomogeneous and anisotropic Universe and its relation to what we
call the background model on a much deeper level. More details about the experimental
measurements of these averaged quantities are to be discussed in a forthcoming paper.
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